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GIRSANOV IDENTITIES FOR POISSON MEASURES UNDER 
QUASI-NILPOTENT TRANSFORMATIONS 

By Nicolas Privault 1 

Nanyang Technological University 

We prove a Girsanov identity on the Poisson space for anticipat- 
ing transformations that satisfy a strong quasi-nilpotence condition. 
Applications are given to the Girsanov theorem and to the invariance 
of Poisson measures under random transformations. The proofs use 
combinatorial identities for the central moments of Poisson stochastic 
integrals. 

1. Introduction. The Wiener and Poisson measures are well known to 
be quasi- invariant under adapted shifts. This quasi-invariance property has 
been extended to anticipative shifts by several authors; cf. [10, 23] and [26] 
and references therein in the Wiener case, and, for example, [2, 16-18], in 
the Poisson case. 

In the anticipative case the corresponding Radon-Nikodym density is usu- 
ally written as the product 

|det 2 (/ + Vu)|exp(-£(u) - ^ ||^|| 2 ) 

of a Skorohod-Doleans exponential with the Carleman-Fredholm determi- 
nant of the Malliavin gradient Vu of the shift u; cf. [10, 23, 26]. A similar 
formula can be obtained for Poisson random measures; cf. Section 8. 

It has been noted in [27] that the standard Doleans form of the density 
for anticipative shifts u:W —> H on the Wiener space W with Cameron- 
Martin space H can be conserved [i.e., the Carleman-Fredholm determinant 
det2(I + Vtt) equals one] when the gradient Vu of the shift u is quasi- 
nilpotent, that is, 

(1.1) lim ||(Vu) n || 1 w / " = or equivalents trace(Vn)" = 0, n > 2; 

n— >oo 
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cf. [27] or Theorem 3.6.1 of [26]. In particular, when Vti is quasi-nilpotent 
and is constant, it has been shown in [25] that S(u) has a centered 
Gaussian law with variance ||ii|| 2 ; cf. [20] for a simplified proof. 

In this paper we consider the Poisson space Q x over a metric space X 
with cr-finite intensity measure a(dx), and investigate the quasi-invariance of 
random transformations t(uj, •) which are assumed to be quasi-nilpotent in 
the sense that the finite difference gradient D s t(uj, t) satisfies the cyclic finite 
difference condition (2.3) below, which is a strenghtened version of (1.1). We 
show in particular that such anticipating quasi-nilpotent transformations are 
quasi- invariant, and their Radon-Nikodym densities are given by Doleans 
stochastic exponentials with jumps. This also extends and recovers other 
results on the invariance of random transformations of Poisson measures; 
cf. [22]. 

Our starting point is the classical Girsanov identity for Poisson random 
measures which states that 



(1.2) E a 



expf- f g(x)a(dx)) JJ(l+^(x)) 

^ ^ X ' x£d 



1, 



and rewrites when g = 1a as 

£? <T [e- rff ^(l+r) w ^] = l, ret, 

which is equivalent to the vanishing of the expectation 

E[C n (Z,\)]=0, n>\, 

for Z = oj{A) a Poisson random variable with intensity A = cr(A), where 
C n (x, A) is the Charlier polynomials of degree n € N, with generating func- 
tion 



e- rX {l + r) x = V-C n (x,A), r > -1. 
nl 

n=0 

It is well known, however, that Z need not have a Poisson distribution for 
E[C n (Z, A)] to vanish when A is allowed to be random. Indeed, such an 
identity also holds in the random adapted case under the form 

(1.3) E[C n (N T ^ {t) ,T-\t))] = 0, n>l, 

where (Nt)t£R + is a standard Poisson process generating a filtration (J 7 t)t£M. + 
and r{t) is an J^-adapted time change, due to the fact that 

C n (N T - Ht) ,T~\t)) 

/•OO l-t n l-t2 

= n\ / •••/ d(N T - 1{tl) -dT- 1 (t 1 ))...d(N T - 1{tn) -dT- 1 (tn)) 
Jo Jo Jo 

is an adapted nth order iterated multiple stochastic integral with respect to 
the compensated point martingale (N T -iu\ — r -1 (t)) fe iR + ; cf. [24] and [13], 
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page 320. In this case we also have 

E <7 [e- rT ~ 1 ®(l + rf--Ht)] = l, re. 
and more generally 

(1.4) E a 



expf- r g (r(s))ds) [] (l + 9(r(s))) 
^ Jo ' AN 3 =1 



1, 



0<s<oo 

under a Novikov-type integr ability condition on g:M — >M; cf., for exam- 
pie, [11]. 

In Corollary 2.2 below we will extend the Girsanov identity (1.4) to ran- 
dom anticipating processes indexed by an abstract space X, by computing 
the expectation 

E a [C n (co(A),a(A))}, n>l, 

of the random Charlier polynomial C n (uj(A), a(A)), where A{oj) is a random, 
possibly anticipating set. In particular we provide conditions on A(uj) for 
the expectation E a [C n (co(A), a (A))], n > 1, to vanish; cf. Proposition 7.1 
below. Such conditions are satisfied, in particular, under the quasi-nilpotence 
condition (2.3) below and include the adaptedness of (r(i))t e R + above, which 
recovers the classical adapted Girsanov identity (1.4) as a particular case; 
cf. Proposition 2.1. As a consequence we will obtain a Girsanov theorem for 
random transformations of Poisson samples on an arbitrary measure space. 

The above results will be proved using the Skorohod integral and inte- 
gration by parts on the Poisson space. This type of argument has been 
applied in [22] to the inductive computation of moments of Poisson stochas- 
tic integrals and to the invariance of the Skorohod integral under random 
intensity preserving transformations. However, the case of Charlier polyno- 
mials is more complicated, and it leads to Girsanov identities and a Girsanov 
theorem as additional applications. 

Since our use of integration by parts formulas and moment identities 
relies on compensated Poisson stochastic integrals, we will need to work 
with a family B n (y,X) of polynomials such that 

B n (y,-X)=E x [(Z + y-X) n ], 

where Z is a Poisson random variable with intensity A > 0, and which are 
related to the Charlier polynomials by the relation 



n 



C n (y,X) = } s(n,k)B k (y - X,X), 



k=0 



where s(k,l) is the Stirling number of the first kind, that is, (— l) k ~ l s(k, I) 
is the number of permutations of k elements which contain exactly I permu- 
tation cycles, n £ N; cf. Proposition 6.1 below. 
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The outline of this paper is as follows. Section 2 contains our main results 
on anticipative Girsanov identities and applications to the Girsanov theo- 
rem. In Section 3 we consider some examples of anticipating transformations 
to which this theorem can be applied; this includes the adapted case as well 
as transformations that act inside the convex hull generated by Poisson ran- 
dom measures, given the positions of the extremal vertices. In Section 4 we 
show that those results are consequences of identities for multiple integrals 
and stochastic exponentials. In Section 5 we review some results of [22] (cf. 
also [19]) on the computation of moments of Poisson stochastic integrals, 
and we derive some of their corollaries to be applied in this paper. In Sec- 
tion 6 we derive some combinatorial identities that allow us, in particular, 
to rewrite the Charlier polynomials into a form suitable to the use of mo- 
ment identities. Finally in Section 7 we prove the results of Section 4, and 
in Section 8 we make some remarks on how the results of this paper can be 
connected to the Carleman-Fredholm determinant. 

2. Main results. Let Cl x denote the configuration space on a a-compact 
metric space X with Borel cr-algebra B(X), that is, 



is the space of at most countable locally finite subsets of X, endowed with the 
Poisson probability measure 7r CT with cr-finite diffuse intensity a(dx) on X, 
which is characterized by its Laplace transform 



/ G L 2 a (X), or by the Girsanov identity (1.2) by taking f(x) = log(l + g(x)), 
x G X, g G C C (X), where E a denotes the expectation under -n a , and C C (X) 
is the space of continuous functions with compact support in X. 
Each element ui of Q x is identified to the Radon point measure 



where e x denotes the Dirac measure at x G X, and u(X) G NU {oo} denotes 
the cardinality of u G il x . 

Consider a measurable random transformation 

r : n x x X -> X 

of X, let r*(o;), cjGO^, denote the image measure of u{dx) by t(oj, •) : X — > X, 
that is, 



tt x ={u = {xi)f =1 CX, Xi ^ Xj Vi ^ j, N G N U {oo}} 



(2.1) 






i=i 



(2.2) 



r* : n x -> n 



X 
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maps 



U) 



u{X) u(X) 
t=l i=l 



In other words, the random mapping r* : Q, x — > Q x shifts each configuration 
point i£w according to x i-> r(w, x). 

Let denote the finite difference gradient defined on any random variable 

F-.n x - 



as 



D x F(uj) = F(uj U {x}) - F(oj), ujett x ,x£X, 

for any random variable F :Q. X — > R; cf. [7, 9, 15]. The operator D is con- 
tinuous on the space H>2,i defined by the norm 



\F\ 



\F\ 



+ \\DF\ 



12,1 - tt^ llL 2 (n^,7r CT ) ±l HL 2 (^ x xX,7r CT (g. CT )' A ' c ^2,1- 

The next result is a Girsanov identity for random, nonadapted shifts of 
Poisson configuration points, obtained as a consequence of Proposition 4.1 
below which is proved at the end of Section 4. Here we let Y denote another 
metric space with Borel u-algebra B(Y). 

Proposition 2.1. Assume that r : Q x x!->7 satisfies the cyclic con- 
dition 



(2.3) Dt 1 T(u>,t2)---D tk T(u>,t 1 )=0, o-(dti),. . . ,a(dt k )-a.e., 
for all k>2, and let g :Y — >• R be a measurable function such that 



uj e n x , 



(2.4) 



n(l + b(r(^,x))|) 



T/ien we /iaue 



e -f x g(r(u,x)Mdx) JJ(1 + ^( T (W,Z))) 



< OO. 



1. 



As a consequence of Proposition 2.1, if r : $7^ xl->l satisfies (2.3) and 
t(oj,-) :X — >■ K maps a to a fixed measure /i on (Y,0(Y)) for all ui G O , 
then we have 



E„ 



J(l + S (r( W ,x))) 



f x g(T(uj,x))a(dx) 



e Jx 



9£C C (Y); 



hence r* :0 — > maps ir a to 7T„, which recovers Theorem 3.3 of [22]. 

Proposition 2.1 then implies the following anticipating Girsanov theorem, 
in which the Radon-Nikodym density is given by a Doleans exponential. 
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Corollary 2.2. Assume that for all uj G £l x , t(oj, ■) : X — ¥ X is invert- 
ible on X and that for all to,...,tk G X , k > 1, there exists i G {0, . . . , k} 
such that 

(2.5) D u t(u,x) = 

for all x in a neighborhood of ii+imodfc; an d that the density 

<f>{u},x) := dT * l{ ] UJr)a (x)-l } xel, 



da 



exists for all uj G Q x , with 



(2.6) 



=( 1 + £ ) fx <l>{u,x)o(dx) 



~[(l + <P(u,x)) 



1+E 



< OO 



for some e > 0. Then we have the Girsanov identity 



F(n(u))e- fx <t>{u,x)cr{dx) + ^ x)) 



/or allFeL 1 ^). 



Proof. First we note that from (2.5), for all uj G O x and to,..., tk G X, 
k>l, there exists i G {0, . . . , k} such that 

(2.7) AM^'^+lmodfc) = Aj £j+l mod fc) = °- 

Next from Proposition 2.1, for all / G C C {X) we have 



£7„ 



e - fx f{x)o(dx)-f x ^,x)a(dx) JJ (1 + /( r ( Wj x )))(l + z )) 



e J * 



/x /( T ( a; ! :c ))(-'-~t~ < K' <J ! x )) i:r ( c ' a; ) — fx <t>{ UJ , x ) r7 {d' x ) 



\(l + f(r(u,x)) + <f>{u,x) + f(T(u3,x))<f>{u,x)) 



by Proposition 2.1, since 

x ^ f(r(u, x)) + 4>(oj, x) + /(r(w, x))(j)(u), x) 

satisfies condition (2.3) by (2.7). We conclude by the density in L l (£l x ) of 
linear combinations of F of the form 



F = e W (- f f(x)a(dx)) J] (1 + /(*)), f EC C (X). 



□ 
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Under the hypotheses of Corollary 2.2, if r* : Q x — > fl x is invertible then 
the random transformation r" 1 : Q x — > ft x is absolutely continuous with 
respect to ir a , with density 

(2.8) ^ V 



dir n 



In Corollary 2.2, condition (2.6) actually requires cr(r(X)) to be a.s. finite. 

3. Examples. In this section we present an example of a random non- 
adapted transformation satisfying the hypotheses of Corollary 2.2. First we 
note that condition (2.3) is an extension of the usual adaptedness condition, 
as it holds when r : X — > X is adapted to a given total binary relation H 
on X. Indeed, if r : Q x xl^l satisfies 

D x t(uj, y) = 0, y^x, 

then condition (2.3) is satisfied since for all t±, . . . ,tk £ X there exists i € 
{1, . . . , k} such that tj ^ U, for all 1 < j < k; hence D^t^, tj) = 0, 1 < j < k. 
In this case, Corollary 2.2 recovers a classical result in the case where r: 
X — > X is deterministic or adapted; cf., for example, Theorem 3.10.21 of [4]. 

Next, let X = -B(0, 1) denote the closed unit ball in W 1 , with a(dx) the 
Lebesgue measure. For all uj G Q x , let C(oj) denote the convex hull of oj 
in X with interior C(w), and let u e = u: n (C(w) \ C{u)) denote the extremal 
vertices of C(co). Consider a measurable mapping r : Q x xl->l such that 
for all oj £ Q, x , r(w, •) is measure preserving, maps C(w) to C(u), and for all 



(3.1) 



r(w, x) 



r(uj e ,x), x£C(ui), 
x, x£X\C(uj), 

that is, t(uj, •) : X — ¥ X modifies only the inside points of the convex hull of uj, 
depending on the positions of its extremal vertices, which are left invariant 
by t(uj, ■), as illustrated in Figure 1. 

Next, assume that t(uj, •) : X — > X in (3.1) has the form 

r(uj, x) = X + 1p(uJ e , x), X £ X, 




Fig. 1. Example of random transformation. 
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for fixed u G £l x , where ij)(u e ,-):X — > X is a diffeomorphism such that 
t(cj, ■) :X — > X is invertible for all oo G Q x ; for example, 

(3.2) i>(u e , x) = ul c{u) (x) " \ 11 , xGl, 

1 + (d(x,C(w) \C(a;)))^ 

with u G R rf such that 1 1 it ||d < 1/4, where d(x,A) denotes the Euclidean 
distance from x G M. d to the closed set AcK d . Then the transformation 
r : Q x xl-}l satisfies the hypotheses of Corollary 2.2 by Proposition 3.1 
below, and r* : fi — > Q x is invertible with 

(r*)- 1 (w)=w e U [j {T~ l (u e ,x)}, ujen x ; 
xe^nc(aj) 

thus the associated Radon-Nikodym density (2.8) is given by taking 

4>(lo, x) = det(/ R d + V x ip(uj e , x)) — 1, uj G X, x G X. 

This quasi-invariance property is related to the intuitive fact that a Poisson 
random measure remains Poisson within its convex hull when its configura- 
tion points are shifted given to the position of its extremal vertices; cf., for 
example, [6]. 

Proposition 3.1. Assume that the random transformation t:Q x x 
X — > X satisfies condition (3.1). Then r satisfies the cyclic condition (2.5) 
of Corollary 2.2. 

Proof. Let ti,...,tk £X. First, if there exists i G {1, . . . ,k} such that 
ti G C(co), then for all x G X we have ti G C{oj U {x}), and by Lemma 3.2 
below we get 

D ti r(u},x) = 0, xeX; 

thus (2.5) holds, and we may assume that ti ^ C{uj) for all i = 1, . . . , k. In 
this case, if ii+imodfc ^ C{u: U {ti}) for some i = 1, . . . , k, then by Lemma 3.2 
we have 

D ti T(io ,ti + i mo Ak) = 0; 

hence (2.5) holds since the set C{oo U {U}) is closed. Next, if t\ G C{oj U {£&}), 
tk G C(wU{tfc_i}), . . . , t2 G C(uL){ti}), then we have t\ G C(wU{4}) and t& G 
C(i<j U {ti}), which implies t\ = t^^. C(oj), and we check that Dt k r(uj, ti) = 0. 
□ 

Next we state and prove Lemma 3.2 which has been used above. 

Lemma 3.2 [22]. For all x,y G X and uj G Q. x we have 

(3.3) x£C(ooU{y}) =^ D x r(co,y) = 
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and 

(3.4) y£C(ujU{x}) D x r(uj,y) = 0. 

Proof. Let x,y G X and uj G Q x . First, if y ^ C(ujU{x}) we have r(wU 
{x}, y) = t(uj, y) = y. Next, if x G C(cj U {y}), we can distinguish two cases: 

(a) x G C(w). In this case we have C(ojU{x}) = C(w); hence t(wU{i}, y) = 
r(u;, y) for all y £ X. 

(b) x G C(w U {y}) \ C(uj). If y G C(w U {x}), then i = ^C(uU {x}); 
hence t(oj U {x},y) = r(uj,y). On the other hand if y ^ C(u; U {x}), then 
t(w U {x}, y) = r(u;, y) = y as above. 

We conclude that D x r(uj,y) = in both cases. □ 

4. Multiple integrals and stochastic exponentials. The proofs of the above 
results will use properties of stochastic exponentials and multiple stochastic 
integrals which are introduced and proved in this section. Let now 

In{fn){u)= I f n (x 1 ,...,x n )(co(dxi)-a(dxi))---(u)(dx n )-a(dx n )) 
J A n 

denote the multiple Poisson stochastic integral of the symmetric function 
f n eL 2 a (X n ), where 

A n = {(xi, . . . ,x n ) G X n :xi ^ Xj,Vi^j}, 

with 

oo 1 

e-fx9(*M*») Y[(l + g(x)) = -M9 m ) 

for g G L^(X) with bounded support, where "<S>" denotes the tensor product 
of functions in L^(X). For all (possibly random) disjoint subsets A±,...,A n 
of X with finite measure, we have the relation 

n 

(4.1) I N {1 A H o-ol^) = Hc k MAi),<T(Ai)) 

1 1=1 

between the multiple Poisson integrals and the Charlier polynomials, where 
"o" denotes the symmetric tensor product of functions in L^(X) and N = 

k\ H h k n ; cf., for example, Proposition 6.2.9 in [21]. 

Proposition 2.1 will be proved using the following Proposition 4.1 which 
is a restatement of Corollary 7.2 below. It provides a formula for the expec- 
tation of a multiple stochastic integral of a time-changed function. 

Proposition 4.1. Assume that r : Q x xl->y satisfies 

(4.2) D t T(u,t) = 0, uen x ,tex. 
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Then for all symmetric step functions g : Y 



of the form 



fj 



V n. u I®* 1 o-ol* 



ki+-+k n =N 
Kn<N 



where N > 1 and Bi , . . . , -B re ,fc„ are deterministic disjoint Borel subsets 
of Y and ... ^ n € M, we have 



E a [I N (l AN (.) T ® N (u,-))] 



D tl ■ ■■D tN g(T(u,t 1 ), . . . ,r(a;,ijv))cT(dti) • • -o-(dt N ) 



for all compact subset A £ of X . 

Proof. It suffices to prove that for all deterministic disjoint Borel sub- 
sets B\ , . . . , B n of Y we have 



K[/ J v(lAivl^ 1 1 (i3l) o---ol 

L (Bi) 

- / N 



)] 



^(l5^ W o-ol»fe_ 1( _)] 



(B n )> 

l B fc„(r(cj,ti), . . . ,r(u,t N ))) 
x a(dt{) ■ ■ ■ a(dtN) 



with N = k\-\ h k n , and this is a direct consequence of relation (4.1) above 

and Corollary 7.2 below applied to the random sets A n t~ 1 (Bi), . . . , A n 

As a particular case of Proposition 4.1, for g = 1b and i? £ £>(y) such 
that r~ 1 (i?) C A a.s., where A is a fixed compact subset of X, we have 



(4.3) 



E a [C n (nuj(B),TMB))] 



E n 



r. n 

/ D Sl ■ ■ ■ D Sn TT 1 b (t(u), s p ))a(dsi) ■ ■ ■ a(ds n ) 



under condition (4.2). When D s 1b(t(uj, t)) is quasi-nilpotent in the sense of 
condition (2.3) above for all k > 2, to £ Q x , relation (4.3) and Lemma 4.3 
below show that 



E a [C n {TMB),na{B))]=0, 
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tion (2.3) holds in particular when either 

D a g{r(u,t)) = 0, 0<s<t, 



11 

condi- 



or 



D t g(T(u),s))=0, 0<s<t, 

that is, when the process t(u>, t) is forward or backward adapted with respect 
to the filtration generated by the standard Poisson process (-ZVt) te r 0> T]. 

Proof of Proposition 2.1. We take g : Y — >• R to be the step function 

m 

g(t) = J2^ 1 B l (t), *eF, 

i=l 

where ci, . . . , c m € R and Si, ... , S m £ B(y) are disjoint Borel subsets of Y. 
Then the expression 

n k r \ 

C n (x, A) = * k E ( ™ ) (- X ) n ~ ls (^ 0, ^, A G R, 

7.— n 7— n \ / 



fc=0 Z=0 

for the Charlier polynomial of order n € N, shows that 

fe 

i , ) ' " 

k=0 1=0 



n k / \ 

\c n ( X ,\)\<Y,x k Y,( n i) 

i — n i—n V / 



X n - l s(k,l) = C n (x,-\), x,X>0; 



hence 



V^V|C n (x,A)|<el rA l(l + |r|r, re 



n=0 



and letting A € £?(X) be a compact subset of X we have 



oo 1 

J2^\In(lA^)g® n (T® n (uj,- 



,n=0 



E 

.N=0 



E 

.AT=0 



- C, 



fcl + --- + fen=A f \l=l 

n>0 



n k. 



ki+-+k n =N i=l 
n>0 
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<E„ 



E n 



Ci ,k 



E E II j^\ c *M A n T- x [Bi)UlA n r" 1 ^)))! 



.AT=0 feiH \-k n =Ni=X 

n>0 



E E II %~ C ^ A n r'HBi)), n r-^Bi))) 



JV=OfciH hfc„=Af i=l 

n>0 

n oo i il. 

c- 1 1 



(4.4) < E a 



E n 



< oo. 



i=lfc i= 
n 

ne X p(|Q|a(^nr- 1 ( J B l )))(l + |c i |r( An ^ 1 ^)) 
i=l 

n 

nexp(|Q|r, C T(i? i ))(l + |ciir" (Bl 

i=l 

e f x \g{r^,x))\a{dx) JJ (1 + | 5 ( r ( W) x )) |) 



Consequently we can apply the Fubini theorem, which shows that 



E„ 



e -! A g{r{u,x))a(dx) " (1 + 5 ( r ( W) 



^^InClA-O^Cr*"^,-))) 

n.=0 

^l^ CT [/ n (l^(.)^(r^( W ,.)))] 
n=0 

1 " /" n 

y^—.E a / D S1 ■•■£>«„ T\g{T{u),s p ))a{ds 1 )---a{ds r 



n=0 





p=l 



by Proposition 4.1, provided 



(4.5) / L» Sl --- J D Sn TT 9 (r(w,Sp))a(dsi)---cj(ds n )=0, n>l, 

M p=l 

7r CT (du;)-a.s., which holds by Lemma 4.3 below since D s r(uj,t) is quasi-nilpo- 
tent in the sense of (2.3). The extension from A to X, and then from g, 
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a step function, to a measurable function satisfying (2.4), can be done by 
dominated convergence using bound (4.4) above. □ 

The above results can also be summarized in the following general state- 
ment which is also proved in Section 7 by the same argument as in the proof 
of Proposition 2.1. 

Proposition 4.2. Assume that r : ft x x X — ^ Y satisfies 
D t T(u,t) = 0, uen x ,t£X. 
Then for all bounded measurable functions g : Y —¥ M satisfying (2.4 ) we have 



(4.6) 



e -f x g(r(u;,x))*(dx) JJ(1 + g( T (u,x))) 



oo ^ " „ n 

L D ->- D -^' j 

n=0 L X p=l 



(r(u},s p ))a(dsi) ■ ■ -a(ds n ) 



provided 



oo ■ 

(4 7) L 



Ai • • • A„ II s p ))a(dsi) • • • a(ds n ] 

P =i 



< oo. 



In the next lemma we show that relation (4.5) is satisfied provided D s t(u, t) 
satisfies the cyclic condition (4.8) below. 

Lemma 4.3. Let N > 1, and assume that t:£I x xl->l satisfies the 
cyclic condition 

(4.8) D to T(cj,t 1 )---D tk T(LO,t ) = 0, Luen x ,t ,...,t k £X, 
for k = 1, . . . , N . Then we have 

k 

A • • • A fc ]J ^( r (^ tp)) = o. t ,...,t k eX, 

p=0 

for k = 1,...,N. 

Proof. We use the relation 



(4.9) 



g(r{u},s p )) 

p=0 

= ^2 De 9(i~(u,s ))---De n g(T(Lj,s n )), 

e u-ue„={o,i,...,j} 
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<E X, where D e := Jljee ^ when C {0, 1, . . . , j}, < j < n, 
which follows from the product rule 

(4.10) D t {FG) = FD t G + GD t F + D t FD t G, teX, 

which is satisfied by Dt as a finite difference operator. Without loss of gener- 
ality we may assume that ©o ^ 0, ■ ■ ■ , 0j ^ and ©fcflGz = 0, < k ^ I < j. 
In this case we can construct a sequence (fci, . . . , fcj) by choosing 

O^fciG0 o , fc 2 e8( !1 ,...,fci-iG9 /ii _ 2 , 

until k{ = G ©^ i :L for some z G {2, . . . , j} since ©o PI • • • fl &j = and 0o U 
• • • U Qj = {0, 1, . . . ,j}. Hence by (4.8) we have 

D s ki g{T(u, s S0 ))D Sk2 g(T(u, s Ski )) ■ ■ ■ 

x D Ski _ i g(T{u,s Sk ._ 2 ))D So g(T{u,s Ski _ i )) = 
by (4.8), which implies 

De g(r(u, s ))DQ ki g(T(u), s kl )) ■ ■ ■ 

x DQ ki _ 2 g(T(u),s ki _ 2 ))D ek ,_ i g(T(uj,s ki _ 1 ))=0, 

since 

(fci,...,fc i _ 1 ,0) G ©o x fel x ••• x 0^. □ 

5. Moment identities for Poisson integrals. In this section we state some 
results obtained in [22] on the moments of Poisson stochastic integrals, and 
we reformulate them in view of our applications to Girsanov identities and 
to random Charlier polynomial functionals. 

The Poisson-Skorohod integral operator 5 is defined on any measurable 
process u : Q x x X —> R by the expression 

(5.1) S(u)= u(u\{t},t)(u)(dt) -a(dt)), 

Jx 

provided E a [J x \u(oj,t)\a(dt)] < oo; cf., for example, [14, 21]. 

Note that if DfUt = 0, t 6 X, and in particular when applying (5.1) to 
u € L\(X) a deterministic function, we have 

(5.2) 5{u)= / u(t){uj{dt)-a{dt)), 

Jx 

that is, 5(u) with the compensated Poisson-Stieltjes integral of u. In addi- 
tion, if X = M + and a(dt) = A< dt, we have 

/•oo 

(5.3) 8(u)= / u t {dN t -\ t dt) 

Jo 

for all square-integrable predictable processes (ut)t<=M. + , where N t = ui([0,t]), 
t £ R+, is a Poisson process with intensity A( > 0; cf., for instance, the ex- 
ample on page 518 of [15]. 
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From Corollaries 1 and 5 in [15] or Proposition 6.4.3 in [21] the opera- 
tors D and 5 are closable and satisfy the duality relation 

(5.4) E a [{DF,u) L 2 (x) } = E a [F8( U )], 

which can be seen as a formulation of the Mecke [12] identity for Pois- 
son random measures, on their I? domains Dom(<5) C L 2 (Q X x X, 7r CT <g> a) 
and Dom(D) = D2.1 C L 2 (Q X , TC a ) under the Poisson measure 7r CT with inten- 
sity a. 

The operator 5 is continuous on the space L2 1 C Dom(<5) defined by the 
norm 



12,1 



x 



\ut\ 2 a(dt) 



x 



\D s ut\ 2 cr(ds)a(dt) 



and it satisfies the Skorohod isometry 



(5.5) E a [5{uf] = E a 



\ut\ 2 cr(dt) 



x 



+ E a 



D s utD t u s a(ds)a(dt) 



x Jx 



for any u G L2 1; cf. Corollary 4 and pages 517 and 518 of [15]. 

In addition, from (5.1), for any u G Dom(<5) we have the commutation 
relation 

(5.6) D t 5{u) = 5(D t u) + u t , t G X, 
or 

(5.7) (I + D t )5(u) = 5((I + D t )u) + u t , teX, 

provided D t u G L^i, t G X. 

The following lemma relies on the application of relations (5.4) and (5.6), 
and extends (5.5) to powers of order greater than two; cf. Lemma 2.4 in [22]. 



Lemma 5.1 [22]. Let u G L 2 ,i be such that D t u G L 2) i, iel, 5{u) n G 
?2 1, and 



[ \u t \ n - k+1 \S((I + D t )u)\ k a(dt) 
J x 

E a \\5{u)\ k [ \u t \ n - k+1 a{dt) 



x 



< 00, 

< 00, 



< k < n. Then we have 

n-l 



EMu) n+1 ] = Y.( n k ) E M u f [ u ?~ k+1 ° 
k=0 \ / L Jx 



r(dt) 



k=l 



n 



u n t - k+ \5([I + D t )uf - 5{u) k )a{dt) 



x 



for all n> 1 . 
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When h is a deterministic function, Lemma 5.1 yields the recursive co- 
variance identity 

(5.8) E a [S(h) n+1 ] = £(fc) J x h k+1 (t)a(dt)E a [S(h) n ~ k ], n > 0, 
for the Poisson stochastic integral 



(5.9) EMm-T. e nP'-v^iU 



6(h) = / h(x)(uj(dx)-o(dx)). 
Jx 

By induction, (5.8) shows that the moments of the above Poisson stochastic 
integral can be computed as 

n— 1 a 

a=l 0=fci<sC---</c a+ i=n 1=1 v " / 1=1 ' 

for all n > 1 and deterministic /i G f]p=2An-^P0' where a<^b means a < 
6 — 1, a, 6 € N. This result can also be recovered from the relation 

n 

(5.10) E a [s(hr\=j2 E w^i. 

d=lBi,...,B d 

where the sum runs over all partitions of {1, . . . ,n}, \Bi\ denotes the cardi- 
nality of Bi, and K\ = 0, K n = j x h n (t)a(dt), n>2, denote the cumulants 
of 5(h). 

In particular, relations (5.9) and (5.10) yield the identity 

n 

(5.11) E x [(Z-\) n ] = Y,* a S2(n,a) 

a=0 

for the central moments of a Poisson random variable Z with intensity A, 
where 



fcl<-<fc 0+ i=rai=l v 7 



S 2 (n,a) := 

0=fci 

represents the number of partitions of a set of size m into a subsets of size 
at least 2. 

In the sequel we let 

C(h,...,l a ,b) 

(5.12) 

r 9 -l-(6-g) , 

h + --- + l p + q-l 



<! + ••• + + 



e n n 

0=r 6+1 <---<r-o=a+b-|-l g=0p=r 9+ i-(6— g— 1) 

which represents the number of partitions of a set of l\ H h Z a + b elements 

into a subsets of lengths l±, . . . ,l a and b singletons. We will need the following 
result; cf. Theorem 5.1 of [22]. 
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Theorem 5.2 [22]. Let F :VL X — »IR be a bounded random variable, and 
let u : O x X — > R 6e a bounded process with compact support in X . For all 
n> we have 



E a [F5 a {u) 

n 



n n—a 



C(h,...,l a ,b) 



a=0 o=0 



ilH hl a =n—b 

h,-,la>l 



X 



„ / a \ / a+6 a \ 

/ +b nc+^H n ri( j +^K 

, ,/A \i=l / \<j=a+li=l / 



cr(dsi) • • • cr(ds a 



+b) 



p=l \i=l 
i+p 



In the above proposition, by saying that u : Q x xI->M has a compact 
support in X we mean that there exists a compact K € such that 

u(u, x)=0 for all u eO, x and 

In particular when u = 1a is a (random) indicator function we get the fol- 
lowing proposition, which will be used to prove Proposition 7.1 below. We let 



(5.13) 



'i=o v 7 



r 



denote the Stirling number of the second kind, that is, the number of ways 
to partition a set of n objects into c nonempty subsets. In the next proposi- 
tion, which is an application of Theorem 5.2, the random indicator function 
(x,uj) \-> 1a(uj)( x ) on ^ X x X denotes a measurable process u : Q, x xI->R 
such that u 2 (uj, t) = u(co, i), co € £l x , t 6 X. 

Proposition 5.3. Let F:Q X — »M be a bounded random variable, and 
consider a measurable random indicator function (x,cj) \-> 1a(uj){ x ) on x 
X , with compact support in X . Then for all n>0 we have 

E a [F5(l A ) n ] 



c=0 a=0 



X E n 




S(n — a,c — a) 

a 

H(I + D Si )(Fa(Ay-«) 



i=l 
a a 



J(L + D Si )l A (s p )a(d Sl )---a(ds a ) 



p=l i=l 

i^p 
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Proof. Taking u = 1a in Theorem 5.2 yields 
E a [F(6(u)) n ] 

n n—a 

= EE(- 1 ) b E c(h,...,i a ,b) 

a=0 b=0 lx-\ \-l a =n-b 

h,...,l a >\ 



L(6r D « )F ) 



a+b a 



+ D Si )l A (s p )a(d Sl ) ■ ■ ■ a(ds a+b ) 



p=i i=i 



(n — a,c — a) 



EE(-D"(:)s(. 

c=0 0=0 v 7 

Uw +d - )f ) 



J(I + D Si )l A (s p )a(d Sl )---a(ds c ) 



p=i i=i 



(n — a,c — a) 



EB-ir(:)s(. 

c=0 0=0 V 7 

f xa (fl(I + D^FaiAf-^ 



J(I + D Si )l A (s p )a(d Sl )---a(ds a ) 



p=i i=i 



after checking that we have 



)s(n-b,a)= C(h,...,l a ,b), 

/ 1 , I I 7 h 



ilH hl a =n-b 

ll,-,la>l 



which is the number of partitions of a set of n elements into a nonempty 
subsets and one subset of size b. □ 
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When the set A is deterministic, Proposition 5.3 yields 

n c , v 

E X [(Z - A)"] = £ A c £(- If " ) 5(n - a, c - a) 

c=0 a=0 ^ ' 

for the central moments of a Poisson random variable Z = oj(A) with inten- 
sity A = cr(A), which, from (5.11), shows the combinatorial identity 

(5.14) S 2 (n, c) = X>l) a (l) S(n -a,c-a). 

6. Poisson moments and polynomials. As mentioned in the Introduction 
we need to introduce another family of polynomials whose generating func- 
tion and associated combinatorics will be better adapted to our approach, 
making it possible to apply the moment identities of Proposition 5.3 and 
the integration by parts formula (5.4). 

In terms of polynomials the identity (4.3) is easy to check for n = \ and 
n = 2, in which case we have 

C\{oj(A),a(A)) = u(A) - a (A) = 5(1 A ) 

and 



(6.1) 
hence 



C 2 (u(A),a(A)) = (u(A) - a(A)f - (u(A) - a(A)) - a(A) 
= 5(l A ) 2 -5(l A )-a(A), 



E (T [C 2 (uj(A),a(A))}=E a [5(l J 



a(A) 



[ [ D s l A {t)D t l A {s)a{ds)a{dt) 
Jx Jx 



from the Skorohod isometry (5.5). 

In the sequel we will need to extend the above calculations and the proof 
of (4.3) to Charlier polynomials C n (x, A) of all orders. For this, in Section 7 
we will use the moment identities for the Skorohod integral 6(1 a) of Proposi- 
tion 5.3, and for this reason we will need to rewrite C n (ui(A),cr(A)), a linear 
combination of polynomials of the form B n (6(l A ),cr(A)), where B n (x,X) 
is another polynomial of degree n. This construction is done using Stirling 
numbers and combinatorial arguments; cf. Proposition 6.1 below. 

In other words, instead of using the identity (1.2) we need its Laplace 
form (2.1), that is, 



■ 2) 



E„ 



exp 



(*(/)- / (e f W-f(x)-l)a(dx) 



x 



1, 



obtained from (1.2) by taking 

f(x) = log(l+g(x)), 



xex. 
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In particular when f = 1a with A € B(X) a fixed compact subset of X, 
relation (6.2) reads 

(6.3) E ^ e t5(l A )-o(A){et-t-l)^ = 1 t G Rj 

where 5 (1a) = w (^4) — a (A) is a compensated Poisson random variable with 
intensity a (A) > 0. 

We let (B n (x,\)) n £w denote the family of polynomials defined by the 
generating function 

(6.4) e tv-Ke*-t-i) = J- Bn (y, A), t G R, 

n=0 

for all t/,AsM. This definition implies in particular that 

B n (y-X) = E x [(Z + y-X) n ], 
where Z is a Poisson random variable with intensity A > 0, and 

(6.5) B n (y,\)=^( n k )y k B n ^ k (0,\), A € M, ra € N. 

fc=o ^ ' 

For example, one has that B\(y, A) = y and ^(y, A) = y 2 — A; hence (6.1) 
reads 

C 2 (x, A) = £ 2 (z - A, A) - Bi(x - A, A), 

and these relations will extended to all polynomial degrees in Proposition 6.1 
below. 

In addition, the definition of B n (x, A) generalizes that of the Bell (or 
Touchard) polynomials B n (X) defined by the generating function 

n=0 

which satisfy 

n 

(6.6) B n (X) = B n (X, -A) = E x [Z n ] = ]T X c S(n,c), 

c=0 

where Z is a Poisson random variable with intensity A > 0; cf., for example, 
Proposition 2 of [5] or Section 3.1 of [8]. 

Next we show that the Charlier polynomials C n (x,X) with exponential 
generating function 

e~ xt (l + t) x = Y-C n (x,X), rr,t,AGR, 

71=0 

are dual to the generalized Bell polynomials B n (x — A, A) under the Stirling 
transform. 
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Proposition 6.1. We have the relations 

n 

C n (y,X) = Y,s(n,k)B k (y-X,X) 

k=0 

and 

n 

B n (y,X) = Y,S(n,k)C k (y + X,X), 

k=0 

y,XeR, neN. 

Proof. For the first relation, for all fixed y, X S K we let 

A{t) = e- xt {\ + t)y +x = V -C n (y + A, A), t € R, 

Z — / n 



n! 

n=0 



and note that 



00 



^(e* _ 1) = e % + A)-A(e'-l) = J2 l_ Bn{ y } A ), t g R> 

n! 

n=0 

which implies 

£„(y,A) = ^,S(n,fc)C7 fc (y + A,A), n G N, 

fe=0 

(see, e.g., [3], page 2). The second part can be proved by inversion using 
Stirling numbers of the first kind, as 

n n k 

S(n, k)C k (y + X,X) = Y,Y1 S ^ k ) s ^ A ) 

k=0 k=0 1=0 

n n 

= Y / B l (y,X)Y,S(n,k)s(k,l) 

1=0 k=l 

= B n (y,X) 

from the inversion formula 



(6.7) J2S{n,k)s{k,l) = l {n=l} , n,/GN, 

k=l 

for Stirling numbers; cf., for example, page 825 of [1]. □ 

The combinatorial identity proved in the next lemma will be used in 
Section 7 for the proof of Proposition 7.1. For b = it yields the identity 

(6.8) S(n,a) = y2 [ r ) S 2 (n-c,a-c), 
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which is the inversion formula of (5.14), and has a natural interpretation 
by stating that 52 (m, b) is the number of partitions of a set of m elements 
made of b sets of cardinal greater or equal to 2. 



Lemma 6.2. For all a, b <G N we have 

s i=o k=i v 7 v 7 



I, a)S2(n — k,b — I). 



Proof. This identity can be proved by a combinatorial argument. For 
each value of k = 0, . . . ,n one chooses a subset of {1, . . . , n} of size k — I 
which is partitioned into a nonempty subsets, the remaining set of size n + 
I — k being partitioned into / singletons and b — I subsets of size at least 2. 
In this process the b subsets mentioned above are counted including their 
combinations within a + b sets, which explains the binomial coefficient ( a ^ b ) 
on the right-hand side. □ 

7. Random Charlier polynomials. In order to simplify the presentation 
of our results it will sometimes be convenient to use the symbolic notation 



(7.1) 



A S0 • • • A Sj Yl u s P = Yj D e u S0 ■ ■ ■ D Qn u Sn , 

p=o e u-ue„={o,i,-,i} 
o^eov-.j^ej 

so, . . . , s n £ X , < j < n, for any measurable process u : Q x xl-jl, 

The above formula implies in particular A SQ u So = 0, and it can be used 
to rewrite the Skorohod isometry (5.5) as 



E a [5{u) 



l / A s A t (u t u s )a(ds)a(dt) 
Jx Jx 



■E*[\\u\\l %{x) } + E a 

since by definition we have 

A s A t (u s u t ) = D s u t D t u s , s,teX. 
In this section we show the following proposition. 



Proposition 7.1. Let n>l and let A 1 (uj), . . . ,A n (u) be a.e. disjoint 
random Borel sets, all of them being a.s. contained in a fixed compact set K 
of X . Then we have 



i=l 



A S1 ---A SJV (1 kl 



life, 
sin 



.)(*! 



,s N )a(ds 1 ) ■ ■■a(dsN) 



ki, . . . , k n £ N, with N = k\ + ■ — h k n 
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For n = 1, Proposition 7.1 yields, in particular, 
E a [C n (u(A),a(A))} 



„ n 

/ A S1 • • • A Sn TT l A (s p )a(ds 1 ) ■ ■ ■ a(ds n ) 



for A a.s. contained in a fixed compact set K of X, which leads to (4.3) by 
Lemma 7.3 under condition (4.2), as in the following corollary which is used 
for the proof of Proposition 4.1. 

Corollary 7.2. Assume that r : Cl x xI->X satisfies 
(7.2) Ar(w,t) = 0, uen x ,tex. 

Then for all deterministic disjoint B±, . . . , B n £ B(X) we have 



J C kt {uj{A n T-\Bi)\a{A n T-\Bi))) 



[ D Sl ---D SN ((l kl 

Ja n 1 



l Rfcn )(r(o;,si),...,r(a;,sjv))) 



x a(dsi) ■ • • o~(dsjy) 
fei, . . . , k n G N, TOi/i TV" = fci + h k n , for all compact A G B(X). 



Proof. We apply Proposition 7.1 by letting Ai(u>) = A n r 1 (w,S i ), 
and we note that we have 

a(Ai(u)))= I l Bi (r(u},t))a(dt) = a(AnT- 1 (u,B i )). 



On the other hand, by (7.2) we have D t lAi{t) = D t lBi(T(uJ,t)) = 0; hence 
from Lemma 7.4 below we have 

6(l Ai ) + <r(Ai) = 6(l A l Bi o r) + a(A n r" 1 ^)) = n t" 1 ^))- 
Finally we note that from (7.1) and (7.2) we have 

B S x ' ' ' -^Sjv — A Sl • • • A SJV , 

and we apply Proposition 7.1. □ 

The proof of Proposition 7.1 relies on the following lemma. 

Lemma 7.3. Let F : Q x ->Kfca bounded random variable, and consider 
a random set A, a.s. contained in a fixed compact set K of X. For all k>\ 
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we have 

E a [FC k (5(l A ) + a(A),a(A))} 
k 

\k-z / k 



£(-l) fc -*(*W / fl(I + D Sj )Fl[f[(I + D Sj )l A ( Sp ) 

2 = ^ ' l JXk 7 = 1 p=l 7 = 1 



P=lj'= 

3+V 



x cr(dsi) • • • cr(dsk) 



Proof. Using Proposition 5.3 and Lemma 6.2 we have 
E a [FB n (S(l A ),a(A))] 

= E(j)^TOlA))^(0 )f 7(A))] 



i=0 

71 / 

n 



i=0 ^ ' c=0 

n / « n—i 

--0 ^ ' c=0 

(n(/ + J D S3 )(Fcr(A) 



e=0 2=0 



c+e — z \ 



Kj=l 

2 2 



](J + J D Si )l A ( Sp ) 



x cr(dsi) • • • cr(ds z ) 



71—1 n 



ee(")z;*(— *■•=) 

fc=0 i=0 V ' c=0 

xE-f 2 



2=0 



S(i — 2r, A; — c — z) 
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X E n 



x- 



Y[(I + D a .)(Fv(A) 
\j=i 

z z 

xnri( /+ ^) i ^ i 

p=l j=l 



x o{ds\) ■ ■ ■ cr(ds z ) 

E E(- 1 ) fc ^ 2 E ( 1 ) E ( I ) s ^ n - *. ^ -z,k-c- Z ) 



n—l k 



k=0 z=0 



i=0 v ' c=0 



X E„ 



j xz {\{{I + D Sj ){Fa{A) k -^ 



x YIY[(I + D S] )l A (s p )a(dsi) ■ ■ ■ a(ds z 
p=ij=i 



i+p 



k—z 



k=0 



2=0 



X '- 



f[(I + D s .)(Fa(A) 



k—z \ 



Kj=l 

z z 



J(I + D Sj )l A (s p )a(d Sl )---a(ds z ) 



v=ij=i 



Hence from Proposition 6.1 or the inversion formula (6.7) we get 
E a [FC k (S(l A ) + a(A),a(A))] 

=B-D*-*(*) 

I f[(I + D s .)F]lf[(I + D Sj )l A (s p ) 

JXk 7=1 P=l 7 = 1 



p=lj = 

i+p 



x a(dsi) ■ ■ ■ a(dsk) 



□ 
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In particular, Lemma 7.3 applied to F = 1 shows that 
E a [C k (6(l A ) + a(A),a(A))] 



EM)*- 



2 = 



/ II ft^ + D s .)l A (s p )a(d Sl ) ■ ■ ■ a(ds k ) 
Jxk P =ij=i 



k z 



k r 
B-^ 2 (?)^ / flil(I + & Sj )lA(s P )a(ds l )---a(ds k ) 

z =o v ' L- yx %=ij=i 
Vi=i / p=i 

/ A S1 • • • A Sk TT lA(s p )cr(dsi) • • • a(ds k ) 
Jxk t=i 



which is Proposition 7.1 for n = 1. Next we will apply this argument to prove 
Proposition 7.1 from Lemma 7.3 by induction. 

Proof of Proposition 7.1. From Lemma 7.3 we have 
E^FCkM^ + ^A^^iAx))} 

zi=0 V J 

z\ k\ z\ 



(7.3) 



x E„ 



x a(ds lt i) ■ ••o-(dsi ) j fcl ) 
The first induction step is to apply the above equality to the random variable 

n 

F=n^(i^)+<r(A),a(A)). 



i=2 



Here F is not bounded, however since Ai(uj) C K, a.s., i = 1, . . . , n, for a fixed 
compact .ff £ B(X), we check that ji 7 ! is bounded by a polynomial in uj(K), 
and 



3=1 
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is bounded by another a polynomial in u>(K), uniformly in s±, . . . , s/ Cl € X. 
Hence by dominated convergence we can extend (7.3) from the bounded 
random variable max(min(i ? , — C), C), C > 0, to F by letting C go to infinity. 
From relation (5.7) we have 



21 



21 21 



J(I + D SlJ )5(l Ai ) = 5 [H(I + D Sl .)l Ai + II^ + D'uMsi.k) 



V?=i 



21 



fc=lj=l 



= S^J[(I + D aid )l At j, 
< zi < ki, i > 2, when s 1)fc € nj=i y fc (-^ + Asij)^, 1 < ^ < since 

21 21 



are disjoint, 1 < k < fci, w € hence 



21 



21 



■](/ + d sij )f = mi + d s1i . ) n + ^), ^)) 



n / 2i 



Zl 



n n( j + d ^ ) + n^ 1 + ^ w^)> 

i=2 \i=i i=i 

21 \ 

JJ(/ + J D sli .)a(A) 
j=l y 



21 



21 



i=2 



21 



^(i+^Mii) , 



which yields, from (7.3), 



n^^uj+^A,),^)) 



i=l 



fci 



21=0 ^ 1 



x E„ 



' n I I '21 \ 2i 
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\(I + D Sltj )a(A i ) 



i=i 



fcl 21 



p=\ j=i 

3+p 



Next, we apply Lemma 7.3 again to 
C k2 (s\J[(I + D 



Zl 



Zl 



+ H(I + D Sh .)a(A 2 ),H(I + D Sl .)a(A 2 ) 

3=1 j=l 



and to 



p=ij=i 

3+V 



IlC ki l5l f[(I + D sl .)l Ai + f[(I + D Slj )a(A t ), 



i=3 



\j=l 



3=1 

Zl 



Hil + D^aiAi) 

3=1 / 



and by iteration of this argument we obtain 



i=l 



fcl n 

2„=0 2i=0 1=1 



n 



E„ 



n Zi 

i,nnc+A 

JX 1 i=ii=i 



--ij 

3+V 
n ki 

X II II 1 +( S i,j) (J ( ds hl) ■ ■■ ( ^{ d Sn,k n ) 
i=lj=l 



2 n =0 21=0 1=1 
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n 

1=1 



nn^+ A ^) 

i=ij=i j 

n ki 

x II II 1 A l i s i,j) (7 (dsi,i) ■ ■ ■ <r{ds ntkn ) 

i=lj=l 



n ki 

x I 1 1 A l (s^aidstA) ■ ■ ■ a(ds n:kn 
i=ij=i 

' / n ki \ n ki 

/ (nn n n ^ ^x^v) ■ ■ • 
jxn \i=ii=i / i=ij=i 



□ 



lj = L / 1=1 j 

Next we prove Proposition 4.2. 

Proof of Proposition 4.2. Taking g : Y — > K to be the step function 

m 
i=l 

where c\, . . . , c m € R and . . . , £> m € £>(E) are disjoint Borel subsets of V, 
Corollary 7.2 shows that for compact A £ B(X) we have 



E„ 



-Qg-q^nr- 1 ^)) JJj! + q )a;(Anr- 1 (B i 



i=l 



e e n 



ki=0 km=0 \i=l 
oo 



i=l 

X;^ CT [/ n (l A n(.)^"(r^(o;,-)))] 

n=0 

oo ^ " „ n 

= y^—E a / A ai ---A Sn TTg(r(o;,Sp))cr((fo 1 )---(r(ds ri ) . 

TV. I An - LJ - 

n=0 L A p=l 

In the general case with g : Y — > K bounded measurable the conclusion fol- 
lows by approximation of g by step functions and dominated convergence 
under (2.4), followed by extension to A = X using the bound (4.7). □ 
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Finally we state the following lemma which has been used in the proof of 
Corollary 7.2. 

Lemma 7.4. Assume that 
(7.4) D t T(u,t) = 0, uen x ,teX. 

Then we have 

l A (t)h(T(u,t))u(dt) = 5(l A hoT)(u)+ / ho T (co,t)a(dt), uj^n x , 

X J A 

for all compact A € B(X) and all bounded measurable functions h :X R. 

Proof. We note that condition (7.4) above means that r(uj,t) does not 
depend on the presence or absence of a point in ui at t, and in particular, 

r(LO,t) = t(loU {t},t), t^LO, 

and 

T(ljJ,t) = T(oj\{t},t), t£U). 

Hence we have 

5(l A ho T )+ / ho T (u},t)a(dt) 
J A 

= / l A (t)h(T(uo\{t},t))(co(dt) - a(dt)) + / l A {t)h(r{uj,t))a(dt) 

JX JX 

l A {t)h(r(oj\{t},t))u(dt) 

x 

l A (t)h(T(u,t))u(dt). n 

X 

8. Link with the Carleman Fredholm determinant. In this section we 
make some remarks on differences between the Poisson and Wiener cases, 
in relation to the quasi- nilpotence of random transformations. We consider 
a Poisson random measure on x [— 1, l] d on the real line with flat inten- 
sity measure, in which case it is known [16-18], that, building the Poisson 
measure as a product of exponential and uniform densities on the sequence 
space M N , we have the Girsanov identity, 

E[F(I + u)|det 2 (J + Vn)| exp(-V*(u))] = E[F], 

where u:]R N — > IR N is a random shift satisfying certain conditions, det2(/ + 
Vit) is the Carleman-Fredholm determinant of / + Vu and V*(it) is a Skoro- 
hod-type integral of the discrete-time process u. 
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When it is invertible, (I + u)*7T CT is absolutely continuous with respect 
to 7T(j with 

d(i + uu V = |det2(/ + Vn)[ exp (_ v * (n)) . 

It can be checked (cf. [16-18]) that in the adapted case this yields the usual 
Girsanov theorem for the change of intensity of Poisson random measures 
when the configuration points are shifted by an adapted smooth diffeomor- 
phism (f> : Q x x M + x [0, l] d — > M. + x [0, l] d , in which case / + Du becomes 
a block diagonal matrix, each d x d block having the Jacobian determinant 
\d tjX (j)(uj,T k ,xl, . . . ,xf,)\, and we have 

det 2 (/ + Vit) exp(-V*(tt)) 



oo 

= e -/ R+x[0 , 1]d (l^^)l-l), s ,, n ldt ^ TkJxl 

k=l 

The main difference with the Wiener case is that here Vit is not quasi-nilpo- 
tent on £ 2 (N) and we do not have det2(/ + Vn) = 1. Nevertheless it should be 
possible to recover Proposition 4.1 in a weaker form by checking the relation 



det(J + Vu) = Yl \d ttX (f>(u>, T k , 4, . . . ; 
fc=i 

for anticipating shifts <p '■ & X x x [0, l] d — > x [0, l] d , under smoothness 
and quasi-nilpotence assumptions stronger than those assumed in this paper. 
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